Topological quantum computation aims to employ anyonic quasiparticles with exotic braiding statistics to encode and manipulate quantum information in a fault-tolerant way. Majorana zero modes are experimentally the simplest realisation of anyons that can non-trivially process quantum information. However, their braiding evolutions, necessary for realising topological gates, still remain beyond current technologies. Here we report the experimental encoding of four Majorana zero modes in an all-optical quantum simulator that give rise to a fault-tolerant qubit. We experimentally simulate their braiding and demonstrate both the non-Abelian character and the topological nature of the resulting geometric phase. We realise a full set of topological and nontopological gates that can arbitrarily rotate the encoded qubit. As an application, we implement the Deutsch-Jozsa algorithm exclusively by topological gates. Our experiment indicates the intriguing possibility of the experimental simulation of Majorana-based quantum computation with scalable technologies.
Quantum computers promise to perform particular tasks exponentially more efficient than their classical counterparts [1] . The key obstacle towards the realisation of a scalable quantum computer is overcoming environmental and control errors. A promising platform to build a fault-tolerate quantum computer is to use anyonic quasiparticles with non-Abelian statistics [2] [3] [4] . The non-local states of anyons can encode qubits that are unaffected by local environmental perturbations [5] . In addition, the logical quantum gates correspond to braiding evolutions of anyons that are inherently immune to control errors [3, 6] .
In the past decades, non-Abelian anyons have been extensively theorised in condensed matter systems [7] [8] [9] [10] . The most promising direction for realising non-Abelian anyons is the investigation on Majorana zero modes (MZMs). There are already several positive signatures for the realisation of MZMs in the laboratory [11] [12] [13] [14] [15] [16] [17] [18] . Nevertheless, the experimental realisation of braiding operations is still a challenging open problem. Here, we report the quantum simulation of four MZMs in a network of two Kitaev chains and their braiding and dynamical evolutions. For that we encode the Kitaev Chain Model (KCM) that supports MZMs at its endpoints in an all-optical simulator [19] . The model encoding in our experiment is implemented in two steps. Firstly, we transform the fermion system to a spin-1/2 system through a Jordan-Wigner (JW) transformation [20, 21] . Secondly, we encode the spin-1/2 system into the spatial modes of single photons.
The optical simulation allows us to fully control the MZMs with a high fidelity. It is known that by braiding different pairs of MZMs we can realise only Clifford gates [22] , such as the Hadamard gate, H =   , can resolve this problem [24] . We simulate the π 8
-phase gate by moving two MZMs at the same site and exposing them to a controlled local perturbation.
We experimentally demonstrate that, unlike the H and the R topological gates, the 
A depiction of the resulting MZMs transportation is shown in the Supplementary Information (Fig. S1 ). The ground states of these Hamiltonians have the MZMs located at the desired sites. Hence, braiding can be implemented by a set of consecutive imaginary-time evolution (ITE) operators, e −H M 0 t , e −H h 1 t , e −H h 2 t , e −H h 3 t and e −H M 0 t , where t is taken to be large enough for these operators to faithfully represent projectors onto the corresponding ground states [31] . The resulting evolution can be written in the logical basis {|00 g , |11 g }
To realise the R gate on the logical qubit we need to anticlockwise braid the MZMs C and -phase gate we place two MZMs at the same site and apply a local field.
This causes the splitting of the ground state degeneracy for a certain time, during which the appropriate phase factor is accumulated [24] . In particular, we transport the B and C MZMs to site 3 by a set of ITE operations. Then the population dependent Hamiltonian H e = −iγ 3a γ 3b is operated for a certain time τ , as shown in Fig. 1c . . -phase gate and report their effect on the fidelity of the topologically encoded information.
Intriguingly, the Deutsch-Jozsa algorithm [28] can be performed exclusively by nonuniversal braiding evolutions [29] and thus it can be realised in a topologically fault-tolerant way. The process for implementing the Deutsch-Jozsa algorithm on a single qubit is shown in 
EXPERIMENTAL SETUP
To simulate the braiding evolutions of MZMs we transform the fermionic Hamiltonians 
During the adiabatic process the spin system has the same spectrum as the fermion system at all times. Hence, both systems share the same evolution operators when written in their corresponding basis [21, 31] focus only on manipulations that act on the low-energy subspace, which is 2 5 -dimensional.
The experimental setup that realises the braiding evolution of MZMs A and C is shown In this way, the state |φ 0 is initially prepared and is then sent to the ITE operation of 
The final state fidelities are all above 96%. This result shows the high quality of the optical setup. The errors of the fidelities are estimated from the counting statistics.
Fault-tolerance of quantum gates in the presence of noise
We now experimentally investigate the influence of noise during the implementation of the gate operations. More concretely, we add phase errors and flip errors on different sites during the control operations that give the π 8
-phase gate. The effective one-qubit gates in our scheme act on the space spanned by {|00 g , |11 g }. Besides phase errors, we also consider flip errors. In the fermionic system a flip error happens when a fermion erroneously tunnels between neighbouring sites [30] . This evolution can be exponentially suppressed by increasing the potential barrier between the two sites. -phase gate is demonstrated by moving two MZMs to the same site and subjecting them to population dependent realtime evolution by turning on a local chemical potential.
Due to the specific nature of our optical simulator we are able to perform control operations with very high fidelity, but the scalability of our system is limited. However, when more than two Kitaev chains are available, full-scale topological quantum computation with MZMs can be performed by employing exactly the same control procedures demonstrated here, applied to arbitrary pairs of chains. Scalable MZM quantum computation can be achieved by translating our photonic simulator implementation to scalable systems, such as ion traps [34] or ultracold atoms [35] technologies, where the ITE dissipation methods have already been established.
METHODS
Performing imaginary-time evolution. Any pure state |φ can be expressed in a complete set of eigenstates |e k of a certain Hamiltonian H as |φ = k q k |e k , where q k 's represent the corresponding complex amplitudes. The ITE operator associated to H is given by exp(−Ht) k q k |e k = k q k exp(−E k t)|e k , where E k is the eigenvalue corresponding to |e k . After the ITE, the amplitude q k is changed to q k exp(−E k t). The decay of the amplitude dependents exponentially on the energy: the higher the energy, the faster the decay of the amplitude. Therefore, only the ground states (with lowest energy) survives for large times t. The evolution time t is chosen to be long enough to drive the input state to the ground state of H with high fidelity.
The implementation of the ITE operations, employed to perform the braiding, can be simplified as the terms of the corresponding Hamiltonians commute with each other. For example, e −H 0 t can be decomposed into e denotes the states that are orthogonal to the ground state |φ g of the system. The environmental state |1 e is dissipated during the evolution, and only |0 e is preserved. Therefore, the ground state of the corresponding Hamiltonian is obtained.
Encoding logical qubits in physical states. For the two-chain Kitaev model with a total of six fermions, we define the two basis of the ground-state space of the first chain comprised by the fermion 1 and 2 as
defining the vacuum states as |vac 12 = |z 1z2 and |vac 456 = |z 4z5z6 , the corresponding states of the spin system are given by 
By omitting for simplicity normalisation factors, the ground state of H 0 can be expressed as
After the braiding evolution between the A and C MZMs, the final state becomes
As a result, the unitary transformation associated to the braiding evolution becomes
If we focus on the even fermionic parity sector spanned by |00 g and |11 g , the unitary transformation becomes
Therefore, the braiding of A and C corresponds to a Hadamard gate operation on the basis of |00 g and |11 g . Similar analysis is applicable to the (− 
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